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Two problems of the vibrations of strings are considered using the approach described previously in [1}: the vibrations of the
string of a plucked musical instrument, drawn out at one of the points and at rest at the initial instant of time (Problem 1), and
the vibrations of the string of a keyboard musical instrument, the points of which are given an initial velocity at the initial instant
of time by a hammer of small width (Problem 2). It is established that forced longitudinal oscillations of the string occur at
frequencies of the transverse vibrations, the condition for possible resonance of the longitudinal vibrations is derived, and the
nature of the vibrations at the point where the string is fastened due to elasticity and the related shift in the frequency of transverse
vibrations is established. © 2003 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM OF THE VIBRATIONS
OF MUSICAL STRINGS

As is well known (for example, from [2, 3]), the basis of the investigation of the vibrations of musical
strings is the equations of transverse vibrations, which establish, qualitatively correctly, the relation
between the frequencies and the length of the string, its tension and density. Nevertheless, there are
no reliable data that the spectrum of the vibrations predicted on the basis of these equations corresponds
to the measured value. Due to the fact that the dynamic components of the tension in the string are
not taken into account, the mechanism of the vibration of the sounding board - the fundamental
generator of the waves — is not completely described. In this connection, based on the weli-known
equations [4].

Pox; = (TcosB),, poy, = (Tsind),
T+x, | Ys / 2 2 (1.1)
cosf = YL sm9_1+e, e= J(1+x) +() -1

where s is the Lagrange coordinate of a particle, measured in the position when the string is not under

tension and has a density pg , x(s, £) and y(s, ¢) are the coordinates of the displacement vector, e is the

deformation, T = eE is the tension and E is Young’s modulus, linearized equations were derived in [1]

which enable the longitudinal and transverse vibrations of strings to be taken into account. The fact

that longitudinal waves propagate (in addition to transverse waves) was pointed out previously in [4].
The displacement x can be conveniently represented in the form

X = X+x5(5); e =¢&+ey, x5= ¢S
which denotes the reading of the value of ¥ (and also y) with respect to the fixed string, stretched to a
deformation ey = const.
The unknown functions X (s, £), y(s, ¢) can be sought in the form
12 - , 2
y=& (yy+ey,+...), X =¢e(x+€x,+...), &= € +E L+ ... (1.2)
where ¢ is the characteristic value of the additional deformation.

When Eqgs (1.1) are expanded in the small parameter € the following system of equations of the first
approximation is obtained [1]
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2 2 T,
= by, ., by = ——2
Yin 0Yisss Yo Poll +¢0) (1.3)
2 1 2 2 E
X1, = @ xs+—————ys), ag = — 1.4
ler 0( 1 2(1+eo)2 1 ] 0 Po ( )

Taking into account one or other of the initial conditions for x,;, yy,, x1;, y1; and also the conditions
at the points where the string is fastened, one can relate the nature of the action on the string to the
transmission of vibrations into the sounding board.

Below we will solve two fundamental problems of the theory of the vibrations of musical strings, in
which the traditional formulation for the longitudinal vibrations y,(s, f) is supplemented by the
formulation of the problem for the vibrations x,(s, ).

Problem 1 (the string of a plucked instrument is fastened at points s = 0 and s = 1, and when¢ = 0
it is plucked at the point s = c¢ to a height /# and then released)

$100,8) = yi (L 1) = y;,(5,0) = x(0,¢) = x (L) = x,(5,0) =0

¥,(s,0) gs, xl(s,0)=§(c—l+§c), if 0<s<c

¥,(5,0) = C-’l-_l(s-l), x,(5,0) = (1 -“i‘)(cf—‘—f), if c<s<l (1.5)

JHE 4 (1-¢)®
«/h2 + C2

Problem 2 (the string of a keyboard instrument is fastened at the points s = 0 and s = [, and at
t = 0 a hammer of width 238 gives the particles at rest a velocity V;, = const)

(0,0 = y(Lt) = y(5,0) = x,(0,1) = x,(,, ) = x,(5,0) = 0

£ =

Voo if ¢-8<s5<c+d (L.6)

,0) =
Y15 0) {0, if se&[c-9,c+8]

2. THE PROBLEM OF THE INITIAL PHASE OF THE MOTION
OF A STRING IN THE NON-LINEAR AND LINEAR FORMULATIONS

In Problem 1, to give an initial triangular form to the string it is necessary to apply a force Fj to the
point C (Fig. 1). This force causes, in sections AC and BC, an additional deformation

el = (AC+BC-AB)/AB

(This quantity eg” corresponds to the case of slippage of the string at the point C.)

Suppose the string is released at ¢+ = 0; then, before faster longitudinal waves arrive at the ends 4
and B, the solution corresponds to the case of the propagation of waves in a string that is unconstrained
on both sides (the parts which are inclined at angles of 6; and 6, to the X axis). Due to the fact that in
this problem there is no characteristic length and the initial deformation is not constant, dimensional
analysis gives

y = tf(sl(agt)), x = tf,(slagt))

In this case Eqs (1.3) and (1.4), as was shown previously {4, 5], have the simplest solutions f] = const
and f3 = const, which denote that the components of the velocities and the deformations are constant.
Along the parts of the string of the initial form, longitudinal waves L, and L, propagate from the point
C, and after them transverse waves S§; and S,. At the point C deflection of the string is impossible
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Fig. 1

(otherwise an element in the neighbourhood of the point C moves with an acceleration, which contradicts
the solutions for the velocity). Hence, along the section S,5, the deformations (tensions) and the
velocities of all the particles are the same and constant. As was shown in [4, 5], the deformations do
not suffer discontinuities for transverse waves, and hence everywhere in the region L151CSBL2 the
deformation eg ) (in addition to e) is constant. Due to the difference in the values of e 2 ) and e along
the sectlons Lll)Sl and L,$, there is longitudinal motion of the particles of the strlng with velocity
Uy = ao(e ) towards the points 4 and B (as will be seen later e(()l) > egl ).

The use of the law of the change in momentum in the direction A4S, and perpendicular to it gives
[4,5]

Polby — ug)(VocosB, +ug) = T(e)(cosy, —1)(1+e), e = ey+e’ (2.1)
Polby —ug)VosinB, = T(e)siny,(1 +e) (2.2)

Here b, is the velocity of the wave S| and V} is the modulus of the velocity along section $15,. The fact
that the angle of deflection of the string L5,5; remains unchanged with time leads to the relation

bsiny, = Vysin(B, -v,) 2.3)
We can obtain the following relations [4, 5] from Egs (2.1)—(2.3)

polby —ug)’ = Ee(1+e) = T(e)siny, (2.4)

=b,=b= aOA/(e0+e(Il))(1 +e0+e )+a0( m—eﬁ”)

2.5
VosinB, = (b - up)siny, (23)

From Eqgs (2.1) and (2.2) and similar equations for the wave S,, taking the relations 6; — y; =
Y2 -0, By + B2 =1 + v; + 1, into account, we obtain V), e(()l), T B
Taking into account the fact that 6 is small, we have

bsineo = Vo, VOCOSGO = (b"'uo)sineo

5 2.6
bcosOy = b —uy, 1_—c§)T90 = (e0+e€l))(1+e0+e1 Y+€, €= ef)l)—e(ll) (26)
2 2
% ._%
l—coseoz—z—, E=3 eo(l+eg), bo = — = Jeg(1+eg)

] (2.7)
‘70 = 5090 = i—%——sbo = 2@1_70, ‘_/0 = Jé
bo
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In Problem 2, at the instant ¢ = 0, two longitudinal waves (L; and L,) and two transverse waves
(51 and §,) begin to propagate from points 4 and B (Fig. 2). Until one of the waves L; and L, reaches
the point where the string is fastened or the middle 4B, the solution corresponds to the problem of
the propagation of waves in an unlimited string, to all points of which, beginning from A and further,
a constant velocity 1} is applied from the right at the initial instant. As in Problem 1, it can be shown
that in the region L,5,5,L, the stretching deformation (additional to ey) is constant, and along the parts
L8, and L,S, longitudinal motion occurs with a velocity ug to the deflection points.

The components of the velocity V, and V), along the section §,S; are constant. The use of the laws
of the change in momentum along the dlrectlon OX when the particles pass through the waves S; and
S, , respectively, leads to the following relations, similar to (2.1)

Polb +ug)(2V, —ug) = Tcosy(cosy - 1)(1+e) (e=ep+el)) (2.8)

whence V, = (.
Similarly, along the direction OY, like (2.2) we have

Polb +ug)V, = Tsiny(1+e), po(b+ug)(V,-V,) = ~Tsiny(1 +e); V, = Vo/2 (2.9)

From the remaining equations (2.8) and (2.9), which we write in the form

Po(b +uglug = T(1—cosy)(1 +e), polb+uy)Vy/2 = Tsiny(1 +e) (2.10)

and from the relations b 1gy = Vy/2, uy = aoe Y when Vo = Vylag <€ 1 we obtain

-2
v Vo o [
(—0,%1 0 <l>~____9__, Vo=22[ey(1 +e5)1" VeV (2.11)
,eo .'eo(l + eo)

We will solve Problem 2 within the framework of Eqs (1.3) and (1.4). Taking condition (2.4) into
account, we convert relations (2.9) as follows:

V, = (by+up)siny, V,—Vy = ~(by+ug)siny (2.12)

Denoting the trajectory of the transverse wave by s = s*(¢), we have [4]

= 2isr o +xlsr, 1y = 220

ds* _ ’ T
(b+u) (1+e)dt "&t—-—i m

In this case relations (2.12) take the following form

ds* ds*
Vy=y,=—'37ys, Vy-Vo = —

——(1+x)-u

(2.13)
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which are identical for the transverse components y(s, £) with the relations on the characteristics
ds*/dt = b, for Eq. (1.3). Hence, relations (2.13) do not introduce any additional information into the
formulation of problem 2 for Eq. (1.3). Its solution as ¢ — 0 (when the wave pattern is identical with
the pattern which occurs in the case when a constant velocity V; is given to all points s < 0 to the left
of A when ¢ = 0) has the form

yis =0, e(l”y,, =V, when -co<s<-byt

Vv, Vo
e(ll)y“ = 70, eﬁl)yls = —m when byt < s* < byt

The value V, = V/2 in the region of the deflection, obtained from (2.14), is identical with its exact

value.
To find x(s, £) we convert relation (1.8) in the same way as was done with relations (2.13). We obtain

V,-ug = (b+up)(cosy~1) = —-(l+e)(cos‘y 1) = -dt V-,
(2.15)
—V.—uy = (b+uy)(cosy-1) = —(1 +e)(cosy-1) = ~——-( e -x;)
Taking into account that, for the first approximation
O U y
1 s 2(1 +e0) s
relations (2.15) can be written in the form
by 2 by 2
1m0 = 3y eyle TR % = 3y (2.16)

whence x;, = 0 behind the transverse waves. In this case

1
2(1+¢))”” 2y ey, 2, e
- = T Jis - =
€0 1+e [eo(1 +ey)]

Since tgy = Vy(2by)™, we have

1/4

Vo=2by = 22161 " [eg(1 + e0)1™

which is identical with relations (2.11).

The results obtained are based on the fact that the values of the components of the velocities and
deformations, which arise from the self-similar problem, are constant.

It we do not use this information, we have

s
X = f,(t - a—) when byt<s<ayt, x, = fz(t + ;S—) when —gyr<s<-byt
0 0

X = fs(t— i) +f4(t+ _s_) when -byt <5< byt
ap a, ;

The functions f1, f3, f3, f4 are found from the two relations of (2.16) and two relations that express
the continuity of the deformation on the transverse waves, which is related to the previous result.
We will derive the solution of Problem 1. The conditions on the characteristics

= 6 9s _ - 9, Js
yll = bo[yls+(1 +e0)él/2]’ a_t' - —b()v YIy = bo[y“+(1 +e0)é72], & = bo
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define the velocity

-1/2

Yir = —bo(1 +eg)(4¢) (91 +0,)

and the quantity y,; on S;S,. When 6, = 6, = 8, we have

Vi = =bg(1 + eg)e™?

8, ¥y, =0
and, from the solution of Eq. (1.4), we obtain x;, = 0 in the region S, and x;, = const in the regions
LlSl and L2S2.

It is necessary to take into account the effect of the stiffness of the string, but the regions where this
has an effect will be of the order of several diameters of the string and, in our opinion, will have no
appreciable influence on the vibrations.

3. THE SPECTRA OF THE TRANSVERSE AND LONGITUDINAL
VIBRATIONS OF MUSICAL STRINGS

It is well known [3] that the solution y,(s, £) of problem 1 has the form

= 2

. . Tnb
nis, o) = 2 A,,SmnTns, A, = —-—gﬂ——-smn——mcoswnt, 0, = — (3.1)
n=0

nznz( [-¢c)e 4
Calculations of
mns

Vis = ZBncos ] B, = A —

n=1

2

2 B, 2nns B;B;r  ms(i+ ) ns(i - j)
Yis = 7(1+cos 7 )+Z 5 [cos [+ cos = ]

n=1 i%j

|
M s

2
2. B.mn . 2mns B;B;m(i+ ) . ms(i+ j)
Mds ==, T sin= -y T sin ==

n=1 i#j

BBr(i-j) . ms(i-j)
- Z T sin 7
i#j
(here and henceforth i = 1, j = 1) show that the load per unit length, which occurs in the right-hand
side or Eq. (1.4), is the superposition of component of the transverse harmonics.
Taking into account the fact that

mi 20 mic
ni°(l-c)e

the coefficients of the even and odd harmonics can be represented in the form

D . 2(mmc 2mD 2mD
i-j=2m i+j=2m
2m-1 2Zm-1
Prm(® == D(—'i—-’lLUEU' > ol
. ] o )
i-j=2m-1 i+j=2m-1
< (3.3)
2 . ,
D = —-—22—"1-—2, L; = sinn—wsinf—ql-f, E; = (cosw;, ;1 + Cos®; _ ;1)
ne (I-¢) !

The solution of homogeneous equation (1.4) with conditions (1.5) has the form
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_ 2 . mnc, 2 mnc|] (I-c) ¢
¢, = n——znzsm—-l W+nncos——l {c 3 j }
m _ - . wnS _ TRnag _ (I-c)
W'=Yy (p,,cos(m,’,"t)sm—l—, of = — W= 20—1+E_,c—T

n=1

where o}, is the frequency of longitudinal vibrations.
For even harmonics (n = 2m) the solution of Eq. (1.4)

2 2mnS
Xip = GgXpss = '2—(1—:‘)—1"2".0)8111 7
€

where P,,(t) is an expression of the form (3.2), has the form

] .
ul )(s t) = Fz,,,(t)smz'r;m
The function F,,, is found from the equation
2 2 2 2
d F2m 24m'n ay
2%+ Gg—g—Fpp = KPp, (1), K = —2>—
dt ! 2(1 + ep)
Then
1 t
Fop(t) = — jKPZm(r)sin(m;m(t—r))dr
0)2m0
D sip2Tme 0, 1
FZm = —-—K —l—' —;2—-—200820)mt+—;-+
0.)2 m 0)2,,, 40)”, (DZm
*2
4“’3: -20,, * 2Dm, ,2m 2Dm . ,2m
T CosWF,t p+ Y LA+ Y =LA
* *2 2 m lj Yoo, g lj (7 it N ]
05, (®,,, —4,) i-j=2m i—j=2m
i<j
where
2 %2
m oF ok o¥ (0l o, -20,) N
Aij =~ 7 COSW; it + —m———COSW;_jt + — 5 L L
0, —(.0,-,,,] W, ”o’)i—-j (O‘)Zm l+j)(0') mi—j)

I (ﬂ)
Xigm = Ugp + Uy

The method of obtaining F,,,_, for the odd harmonics is similar. We obtain

1 D2m-1) DC2m-1), 2m-1
F2m—l = -GFH_K 2 -_-lj_—Llel J Z _—l]_——L’IA‘ J
2m-1 i~j=2m-1 i-j=2m-1
i<j

The general solution for x;(s, ¢) has the form

o0

2rm 21tms
Xy = 2 (X12m * X i2m-1)s X1z = 2, CO8Q, tsin=—— i +F2m
m=1
_ * . (2m-1)ns 2m - 1)ws
Xiom-1 = (pz,,,_lcoswz,,,_,tsm———l——+F2m ,sm(——l—l—
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(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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Expressing { in terms of j (orj in terms of i) withi = 1,j = 1, in relations (3.5) and (3.7) the displacement
along x can be represented in the form

Xiom = {(—1—— singﬂn—cw + —l—cosznmc(c el gW))cos(s);",,,t—

2n2m2 l nm ) g l
*2
3, 40t - 20

- —I;-KD 1 gig2mme —2"_cos2m,t + Ly ZOm O cos®3,t |+ (3.9)

o m [ *2 2 o * *2 2 m

2m W,,, — 40, 2m Wy, (0,, —40,)
1
+ Z——-— e AL +mz A+ | Lein2Bms
(2m + j)j me A g l(2m-l) Liam-iizm-; ]

2 . ®(2m-1)c
Xiomoy = sin W+
12m~1 {(nz(Zm— 1)2 1

2 n(2m— l)c( = )) *
+1t(2m- 1)cos 7 T + = W cos®,,, (-
1 ! xp 2 2m L Am-1 + (3.10)
mzm | (2m 1+])] 2m~ 1+, j ' 2m-14j,j

m-1
.__._Zﬁ___ 2m-1 . ﬂ(2m—1)s
¥ ;] 2m—-i- l)iLzm-l—i,iAi,zm_,'_ljl}Sln___T__

The determination of the characteristics of the vibrations of the string in Problem 2 is similar, and
hence below we will only give the main stages of the solution.
In Problem 2, as is well known [2]

] —-Sin T sin i

sin nnc in nnd . mns_. Rnbyt
nils 1) = 22 2

n=10"
The solution of the problem of the longitudinal vibrations has the form (3.8), where

P2 = Py =0

2
8V o
Fy, = 303 sinm';wsinm’;'sKl: = 2m = COS200, 1 +
3, byrm ®,,, — 40,
2 %2
40, - 20
2"’2 COsS @3, + —1;}—
0.)2'"((02"‘ 4(!) ) mZm
i 32mv? 32mV?
-_’i_sinlt;—%{ Y LA Y b J,,Af’;‘]
W3, ,’-j=2ml bo |+j=2ml bO
K 16V, (2m-1) 2m-t 2m-1) 2m-1
Fom=————5| 2, LJ AL Y LJ A
Om -1 boli_j=2m-1 i i+j=2m-1 i
J.. = sinmssm’y—8

Y l l
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4. THE EFFECT OF ELASTIC CLAMPING

We will consider non-zero boundary conditions at the clamping points. Suppose the clamping is rigid
whens = I:y =X = 0, and is elastic when s = (. We have for the displacement vector

1 = kT 4.1)
Condition (4.1) for y and X takes the form
y = kEésin® = kE(ey + x,)y, (4.2)
= g _ 1 2
X = kEécosO, x, = k(xs+2————(1 +e0)y‘) 4.3)
The natural assumption k£ < 1 enables us to seek solutions in the form
2
x,(85,8) = x5(5, 1) +kx;;(5,0) +k"x,(5,8)
1 10 1 12 (4.4)

(s, 1) = yo(s. ) +ky (s, 1)+ kzylz(s, 1)

The solutions for y o(s, £) and x,o(s, ¢) are identical with solutions (3.1) and (3.8) respectively. The
problems for determining yy,(s, ¢) and xq4(s, ) are as follows:

Yiuls, t) = bgy“m(s, D5 XS, 1) = pxp(s 1)
Y1105, 0) = y,,(5,0) = y;1(0,¢) = x;,(s5,0) = x;;,(5,0) = x;,(0,¢) = 0

1

2
yiull, 1) = Eegy o (L 1); xyy (L 1) = x4, ”"’m}’ms(l’ 1)

The solution obtained by the method of separation of variables has the form

) = 3 L0000 + k0152 (45)

n=1
where
(-1)?* 12 hsin P€

0
Yualt) = (cos,f - cos, ¢ i
Y 2 I ) (4.6)

p#n

(~1)"hsin ¥

1 .
ylln(t) Wtsmmnt (47)

The secular terms can be eliminated by renormalization [6], changing from ®, to ©, = ©,(1 + ).
Expansion of solution (4.6) in the small parameter p gives

(=1)7* "2hsinTPE

y?,(s, 1) = Z —— (COS®, 1 — COS W, 7 + L0, Isinw, 1) (4.8)
pen (@, — @)1 —c)c

This leads to the following result

= 1y’ (- 1) *'2hsinT2E
s =Y - Y (cos®@,t ~ cos®,?) sin &3

! o (@ —an(I-c)e !

where

p+l -1
o = 0l +p), p=-k(-1)"*"sin "”C{m 22—(-1)—-Tsinn—p—€}

1
pin Q=0
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since the secular terms from relation (4.8) are here cancelled out with the analogous terms from (4.7)
The solution for x;,(s, f) is not given here in view of its complexity, apart from the expression for the

frequency shift; Aw},; ~ % (o + (’)j)_z~

5. ANALYSIS OF THE SOLUTIONS

The results in Sections 3 and 4 enable us to draw the following conclusions.

1. The forced longitudinal vibrations contain frequencies of transverse vibrations.

2. Discontinuities on the transverse waves of the components of the longitudinal velocities and
deformations are the reason for the occurrence of forced longitudinal vibrations at frequencies of the
transverse vibrations. The solution obtained in the form of Fourier series for short times agrees with
the solution in Section 2.

3. The spectrum of the vibrations also contains higher frequencies of the longitudinal vibrations of
the string. For example, for the ph¥s1cal -mechanical parameters of a metal string, the note D of the
first octave of a guitar (E = 2 x 10" Pa, p = 7850 kg/m’®, T = 82 N, I = 0.65 m, the cross-section area
of the string 7.069 x 107 m?, ay = 5048 m/s and b, = 383.31 m/s) [7), o = 3883 Hz, which exceeds
o; = 294 Hz by practically a factor of 13. The subcontraoctave, the contraoctave, the major octave,
and the lower, first, second, third, fourth and fifth octaves, as is well known [7], have the following
frequencies (in Hz): 16.35-30.87, 32.4-61.74, 65.41-123.47, 130.81-246.94, 261.63-493.88,
523.25-987.77, 1046.5-1975.53, 2093-3951.07 and 4186.01-7902.13. Hence 1 lies in the fourth octave
and must be taken into account (as also the next three frequencies) in the overall spectrum of the
vibrations.

4. There is a shift in the natural frequencies of the vibrations due to the elasticity of the clamping.

5. Vibrations of the sounding board occur at frequencies close to the frequencies of the longitudinal
and transverse vibrations.

6. In the expression for x;(s, #) (3.8) there is a component 47} (3.6), from which the resonance condition
can be determined

el e, de@iD)
JT+eg—Jey [T+ e+ Je; 2(fT+ ey~ Je)

_ Jeo(2i+1) e 1.2
2( /1 +ey— JT,

For example, when ey = 1/197 we have 0] = ;.

7. If the longitudinal vibrations are taken into account (including the forced vibrations), a new
procedure for calculating the vibrations of musical instruments is required.

8. Experimental research in this area is desirable.

m =

, wom=1, je 1,2, ..

We wish to express our gratitude to Professor A. V. Rimskii-Korsakov, with whom we discussed the
main aspects of this paper.
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